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1 Introduction

In this paper, we show all the proofs of the theorems in the reference paper Exact Mixed-Integer
Programming Approach for Chance-Constrained Multi-Area Reserve Sizing. Please notice that the
title numbers of equations, definitions, lemmas, and theorems are different from the reference paper.
This is an inevitable choice to make this paper as a whole. The Claim 2.1.2 in the reference paper is
identical to the Claim 2.5.2 in this paper. The Theorem 2.3 in the reference paper is equivalent to
the Theorem 2.6 in this paper. Apart from these two proofs that are missing in the reference paper,
we have included all the definitions, lemmas, and theorems in this paper for the reference paper.
Notice that Definition 2.3, Lemma 2.3, and Lemma 2.4 are new in this paper, and they are used to
prove the Claim 2.5.2.

2 Proofs

Definition 2.1 (Connected Vertex Set). For a graph G(V, E), the Connected Vertex Set W(G) is
defined as follows:

W(G)={SCV:Vv,weS,Fapath Pon G s.t. v,we V(P)C S}, (1)
where V(P) denotes the set of vertices in the path P.

Definition 2.2 (Maximum Input/Output Flow). For a directed graph G(V, E') where Ve € E, f(e)
denotes the flow in e and —T," < f(e) < T.f, for all S C V, B’ C E, the Maximum Input Flow (S)
and the Maximum Output Flow O(S) on E’ are defined as follows:

I(S|E) = ) T hM Tr 2

( | ) veS,weSe:(v,w)EE’ (v,w) +v€S,w€S“:(w,v)€E/ (w,v)? ( )

O(S|E") = D T 2 T . (3)
veES,weSe:(v,w)EE’ (vw) veS,weSe: (w,v)EE’ (w,v)

Lemma 2.1. For a graph G(V, E),
I(Sl \ SQ‘E’) + O(SQ \ Sl|El) < I(S1|E/) + O(SQ‘E’), V51,8, C V,E/ C FE.

Proof. For the compactness of the proof, without loss of generality, we leave out the conditions
(v,w) € E' or (w,v) € E' under the summation sign. We can divide I(S; \ S2|E’) into two terms:

I(S;\ S,|E") = b T Tr by T T ). 4
( 1\ 2‘ ) vesl\Sz,wGSf( (U7w)+ (w’v))+v651\52,w651052( (v,w)+ (w,v)) ( )

Observe that since Sp \ Sz C S5, the second term

- + - +
Loy T L)) = (T ) + T ))- (5)

b
v€S1\S2,weES1NS, veESS,weS1NS2

By changing v and w, we can obtain

Ty T Tl ) = LTy T Tl (6)

Y
vES;,wESlﬂSQ vESlﬂSQ,wesg



In a similar way, O(S2 \ S1|E’) can be divided into two terms:

N + — + -
0(52 \Sl|E ) - veS2\S§,w€S§(T(U’w) T(w,v)) + Y (T(v,w) + T(w,’u))' (7)

’L)ESQ\Sl,’wES1ﬂSQ

Since Sy \ S1 C 5S¢, the second term

vES\S1,weS1NS2 vEST,weS1NS2

By changing v and w, we can obtain

+ -y _ - +
Ty T Tiwy) = L e Tow) T Tiw)- (9)

b))
veEST,weS1NS2 vES1NS2,weST

Now observe that the sum of the first term of (4) and the right-hand-side of (9)) is equal to
I(S1|E"). Likewise, the sum of the first term of (|7) and the right-hand-side of (6)) is equal to
O(S2|E'). Thus, I(S1\ S2|E') + O(S2 \ S1|E') < I(S1|E') + O(S2|E"). O

Lemma 2.2. For a graph G(V, E) for all S1,S; CV,E' CE,
O<S1 U SQlE/) + O(Sl N SQ|EI) = O(Sl|E/) + O(SQ|E/) — q)(Sl, SQlE/)

I(Sl U S2|El) + I(Sl N S2|El) = I(SﬂE’) + I(SQ‘E’) — @(Sl, S2|El)

where

B(S1, So|E') = ) Tr T~ ).
( 15 2| ) ’U,’wG(Sl\SZ)U(SZ\SI):(U»U))GEI( (v,w)"’ (U,w))

Proof. Since it is almost same, we only show the case of Maximum Output Flow. For the compactness
of the proof, without loss of generality, we leave out the conditions (v, w) € E’ or (w,v) € E' under
the summation sign. Notice that O(S|E’) is consist of the terms related to T(t ) and those of
T(; w)’ In this proof, the patterns for T(t w) and T(; w) Are exactly same and what is important is

the relationship of summations, so we omit T(J; w) and T(; w) 01 the course of equations. Notice that
the right-hand-side can be written as follows:

O(S1|EN+O(S|EN—®(S1,5:|E') = b)) + by — b)) — by 10
(S1E)+O0(5|E) = D(51, 52| E) vES) WESE | vESswESS vES:\Ss,weSz\Sy ves2\sl,wesl\sz( )

Since

s = s + » + 2 + » (11)
vEST,wESY vES1\S2,wES2\S1 vES1\S2,wE(S1US2)e  vESINS2,wES2\S1 vES1NS2,we(S1US2)¢

= D + 5 + 2 + > (12)
vES2, wESS vES2\S1,weS1\S2 v€S\S1,we(S1US2)¢ vES1NS2,weS1\S2 vES1INS2,we(S1US2)¢
the first terms of and are crossed out with the third and the fourth term of (L0). From the
rest of the terms observe that

> 4 D 4 D - D (13)
UES]\SQ,’M}E(S1U52)C UESQ\Sl,’wE(S1USQ)C UES]QSQ,U}E(SlUSQ)C ’UE(S]USQ),U}E(SlUSQ)C

+ z + z = by . (14)

UESU’WSE,’LUESQ\SI veSlﬂSQ,wesl\Sg vESlﬁSg,we(SlLJSg)C UE(SlﬁSQ),wE(SlﬂSQ)C
The right-hand-side of is O(S1U S2|E’) and the right-hand-side of is O(S1 N S2|E"). Thus,
O(Sl U SQ|EI) + O(Sl N SQ‘E/) = O(Sl|El) + O(SQ|E/) - @(Sl, SQ|EI) O

Definition 2.3 (Net Output Flow). For a directed graph G(V, E) where Ve € E, f(e) denotes the
flow in e, for all S C V, E' C E, the Net Output Flow on E', I'(S|E’) is defined as follows:

F(S‘E/) = by ]E('u,w) -

(vyw)eEE"veS f(v,w)~ (15)

b))
(v,w)EE":weSs



Lemma 2.3. For a graph G(V, E),
[(S1|E") —T(S2|E") =T(S1 \ So|E') —T(S2 \ S1|E’), VS1,S2 CV,E' CE.

Proof. For the compactness of the proof, without loss of generality, we leave out the conditions
(v,w) € E’ under the summation sign.

TSUE)Y = 2 frow U N N 16
($11E) vesl\sgf(’ )+veslmsgf(’ ) weSl\ng(’ ) weslﬁszf(, ) (16)
(S E') = > Avw Py Avw — 3 Avw — M Avw 17
(52| E") vetns, 0w T g Jow = 2 Sow = few (17)

Observe that

L(SUE)-T(S)E)Y=( 2 fow— 2 fow)=( 2 fow— 2 fouw
( 1| ) ( 2| ) ('UGSI\SZf(7 ) ’LUESl\SQf(, )) (’UESQ\Slf(, ) ’LUESQ\Slf(7 )) (18)

=T(S1\ S2|E") —=T(S2\ S1|E").

O
Lemma 2.4. For a graph G(V, E),
['(S1USE") +T(S1NSo|E") =T(S1|E") + T(S2|E’), VS1,S CV,E' CE.
Proof. Tt can be easily shown by the fact that DY + > = X + X . O
ve(S1US2)  wve(SiNSa) vEST  vES:
Let
F={(r"r",pf) e R‘Xl X RLY‘ x RVl x RIET: - },
where
v + 51} - )y e — b e eV 19
p e:(v,~)€Ef e:(‘,v)EEf v ( )
-1, <p, <1t weV (20)
T, <f.<Tf, ecE. (21)
Let v .
F, = {0, ,p) e RV xRV 5 RIVI: (22) — (R3)1,
where
—I(S|E) < gs(pv +0,) <O(S|E), SeW(g) (22)
_ngpvgrja veV. (23)
Let v v
F.={(r*r") GRL_' XRL_ » — },
where
Sro > X8, — E 24
S 2 55, -0(S|E), S W) (24)
+ > _
’UESTU > v%:s(;“ I(S|E), SeW(g). (25)

Theorem 2.5. PTOj(r+,r—)(F) =F,.

Proof. The proof will be based on two steps. First, in Claim [2.5.2] we will show that the projection
of F' onto the space of (r,r7,p) is F},. Second, in Claim we will show that the projection of F),
onto the space of (r*,r7) is F,.. Claim and Claim together imply that Projg,.+ ,—)(F) =
.. 0




Algorithm 1: Finding feasible p to F, from (#,77) € F,
Input: G = (V,E), (7*,77) € F,
Output: p
Start with an empty set R < (;
while R # V do
1. Choose v € V' \ R such that RUv C W(G);

2. Fix p, satisfying - ;

- 72; < ]31; < fj (26)
by > = % pu— B ib— 3 by —I(S|E), S : 27
Po = 7 R T wes\{ruey ¥ wes (S|E) eW(@G):ves (27)

by < — X Py b P — 2 S E), : 9
Pv =" st +weS\{Ruv}rw wes +O(S|E), SeWwW(@):veS (28)

3. R+ RUuw;
end

Claim 2.5.1. P?“Oj(,ur,rf)(Fp) =F,.
Proof. First, we show that Proji+ ,-(F,) C F,. From (23),

- 3r < Tp, < Tt 29
veSr”_veSp _vesr” (29)

Now it is easy to see that and implies and .

Second, we show that F,. C Proji+,-)(Fp,). It suffices to show that for all (7*,77) € F,, there
exists p such that (7,77, p) € F,,. We show that we can find such p from Algorithm and it always
exists. If it exists, it is easy to show that p satisfies from . Also, observe that p satisfies
because for all S € W(G), on the course of the while statement, there exists v, R such that
SZR,SC RUv then and for S with such v, R become .

Now, we show the existence of such p in Algorithm We use mathematical induction. Denote
R; and v; as the node sets and the nodes we get from the Algorithm [I] as it iterates under the
while statement. For the first step we consider the case where R; = (). The lower bound of
< the upper bound of is implied by and the upper bound of > the lower bound of
is implied by (24). For showing why the lower bound of < the upper bound of (28)), pick
S1,82 € {S e W(G) : v1 € S}. From for S5\ S and for Sy \ So Eusing Lemma,

by ’I’+—|— o oro>— Y 0+ b)) 5w—I(Sl\SQ|E)—O(S2\Sl‘E)

weS1\S2 w weS2\S1 w = weS1\S2 v weS2\S1 (30)
S8 ot S 6w —I(S|E) - O(Ss|E).
weS1\S2 weS2\S1
Since by rt 4+r-) >0, (30) implies
we(sm&)\m( w w) 2 P
> ot Y oo >— X% 6, Y 6y — I(Si|E) — O(Ss|E), 31
w€S1\v1rw+w€Sz\v1rw - wesS, +w€S2 ( 1| ) ( 2| ) ( )

which is equivalent to the lower bound of for S; < the upper bound of for Sy. Thus, Py,
satisfying - exists for the case where Ry = ).

Tt is possible that S1 \ S2 & W(G) or S2 \ S1 € W(G), but in this case there exists disjoint Sa,Sp € W(G) such
that S4 USp = S1\ S2 or S4USp = S2\ S1, and we can get the same results as by summing up or
for S4 and that for Sp.



For the next step of mathematical induction, assume that for ¢ > 1, there exists p,, for 1 < k <1
satisfying - (28). For R; 11 = R;Uv; and v;41 € V' \ R;11, our goal is to show that all the possible
combinations of the upper bounds and the lower bounds from - can be implied by other
inequalities so that we can show that p,, , exists. First, we show it for the combinations of upper
bounds and lower bounds between and (27)) - . Here, we show one out of the two cases: the
lower bound of < the upper bound of (26). The other case can be shown in a similar fashion.
The set W(G) can be divided into two cases : 1) R;4+1 NS = 0 and ii) R;41 NS # 0. For the case i),

P Sﬁw =0and b)) 7= X #f so(25) implies the lower bound of (27)) < the
weR; 11N ’LUES\{R1+1U’U7+1} ’LUGS\’UH_l
upper bound of (26)). For the case ii), from the set {v : v € R; 11 NS}, pick the node with the largest

index [. Observe that Y Pw= X Pwt+p, and Y fh = b)) #+. This can be
wERwlﬁSp“ wERzﬁSpw P wES\Rit+1 v weS\{R;Uv; } w

proved by contradiction. Assume that it is not true. Then Juv,,, such that m # [, v, € Riy1,vm € Ry,
and vy, € S. This contradicts the fact that [ is the largest index. Thus, with R; and v; implies
the lower bound of < the upper bound of .

For showing why the lower bound of < the upper bound of , pick 51,5 € {S € W(G) :
v € S}. We have four different cases to show : i) R;y1 NS1 =0, Rix1 NSe =0, ii) Riy1 NSy # 0,
Ri-i—l QSQ = @, 111) Ri+1051 = (Z), Ri+1052 75 @, iV) Ri—i—l ﬂSl 7é (Z), RH_lﬂSQ 7’5 (Z) Since it is similar to
prove another cases, here we show for the case ii) where R;11 NS1 # 0, R;11 N Se = 0. From the set
{v:ive RH_lﬁ(Sl\SQ)}, pick the node with the largest index . Similar to what we have shown above,

observe that ) Pw = b)) Puw + Do, and % = by b
wER;41N(S1\S2) weR;N(S1\52) we(S1\S52)\Ri+1 wE(Sl\Sz)\{RzUvz}

From for Sp\ Sz with Ry, v; and (24 . ) for So\ Sy using Lemma following the similar process
in and we get the inequality,

b)) Do b + by >— ¥ Oy 25 S1|E) — O(S3|E), 32
’LUERH»lnslp +weSl\R¢+1rw+w652r weSy * ( 1| ) (2| ) ( )

which is equivalent to the lower bound of for S; < the upper bound of for S,.

Thus, p,,,, satisfying - exists and it proves the existence of p.

Claim 2.5.2. Proj,+ .- ,)(F) = F,.

,P)

Proof. First, we show that Proj e p)(F) C F,. Notice that and . are identical. So, it
suffices to show that and 1mphes From .,

vgs(pv + 51}) f(v w)

D fwwys S €W(G). (38)

es ese
Now, it is easy to see that and implies (22)).

Second, we show that F, C ij(r+ +— py(F). It suffices to show that for all (7F,7~,p) € Fp,
there exists f such that (77,77 p, f) € F. We show that we can ﬁnd such f from Algorithm [2 I and
it always exists. If it ex1sts it is easy to show that f satisfies from . Also, observe that f
satisfies (19) from (34) - . For all v € V, let E(v) = {e € E ( )U e = (-,v)}. On the
course of Algorithm [2] When we pick (v, w) such that E(v) C QU (v w), with such @ and S = {v},

and (35) become (19). Likewise, when we pick (w,v) such that E(v) C QU (w,v), with such Q
and S = {v}, (36) and ) become ([19)

Now, we show the existence of such f in Algorithm We use mathematical induction. Denote
Q; and (v;,w;) as the edge sets and the edges we get from the Algorithm [2|as it iterates under the
while statement. For the first step we consider the case where @1 = (). Then, I'(S|Q1) = 0 for all
S € W(G). We want to show that implies all the possible combinations of upper bounds and
lower bounds among - . First we show for the combinations between and - .



Algorithm 2: Finding feasible f to F from (71,7 ,p) € F,
Inpl'It: g = (V; E)’ (7:+77A’77ﬁ) € FP

Output: f
Start with an empty set Q < 0;

while Q # E do

1. Choose (v,w) € E\ Q ;
2. Fix f(,.) satistying (33) - (87);
- T(;,w) < f(v,w) < T(t,w) (33)
Forall Se W(G):ve S,w¢g S
fwa = B (bu+04) —T(S|Q) = O(S|E) + O(SQ U (v,w)) (34)
o < (0wt 62) = T(SIQ) + 1(S1E) ~ I(SIQU (v, w)) (39)
Forall Se W(G):v ¢ S,we S
f(v,w) > _ugs(ﬁu + 5u) + F(S‘Q) - I(S|E) + I(S|Q U (va)) (36)
fwa) < = 2 (bu+8u) +T(S|Q) + O(S|E) = O(S|QU (v, w)) (37)
3. Q + QU (v,w);
end

As an example, in , O(S|Q1U(v1,wr)) = T(thwl). So, 1) implies the upper bound of > the
lower bound of . In a similar way, we can show that (22)) implies all the possible combinations of
upper bounds and lower bounds between (33) and - (37). Next, we still need to show why the
lower bound of < the upper bound of, and for the case of and . Since the pattern
is similar, we show that of and as an example. Pick 51,52 € {S € W(G) : v1 € S,w; € S}.
Notice the equation holds because vy € S7 N Sy, which implies v; € 57 \ S2 and vy & Sa \ Si.

O(S1\ S2|E) +1(S2\ S1|E) = O(S1\ S2|E'\ (v1,w1)) + 1(S2\ S1[E '\ (v1,w1)) (39)
From for 1\ Se and S5 \ S using the equation and Lemma
0<O(S1\S2|E) + I(S2\S1|E)— 5 (Put+du)+ B (Put6u)

€51\52 u€S2\S1
= O(S1\ 52BN (v, w1)) + 1(S2 \ S1|EN (v, w1)) = 8 (bu +0u) + T (Pu +0u) (40)
< O(S1|E N\ (v1,w1)) + 1(S2|E N\ (v1,w1)) — W (Pu + 6u) + W (Pu + 6u),

which is equivalent to the lower bound of for S7 < the upper bound of (35) for Ss. Now, the
remaining combinations are the lower bound of (34) < the upper bound of and the case of
and (36]). Here, we show that of and (37). Pick S; € {S € W(G) : v1 € S,w; ¢ S} and
Sy € {S eW(G):v; & S,w € S}. Notice that (S U S2) € W(G) because (v1,w;) connects S and
Sz, and (S1 N S2) € W(G). From for (S1 U S2) and (51 N S2) using Lemma [2.2]

Y (put0u)+ T (Put0u) <O(S1USE) +O(S1 N So|E)
u€Sy u€Sa (41)

< O(Sl‘E) +O(SQ|E) -7 T~

(v1,w1) (vi,w1)’

which is equivalent to the lower bound of for S; < the upper bound of for Ss.



For the next step of mathematical induction, assume that for i > 1, there exists f(uk,wk) for1 <k <i
satisfying - . For Q;+1 = Q; U (v;,w;) and (vi41,wit1) € E\ Qit1, our goal is to show
that all the possible combinations of the upper bounds and the lower bounds from - . can
be implied by other inequalities so that we can show that f v7 p1wig) €Xists. Flrst we show for the
combinations of upper bounds and lower bounds between (33 and 1 D - 1 . Here, we show one
out of the four cases: the upper bound of (33 . ) > the lower bound of (34). The other three cases can
be shown in a similar fashion. The set {S € W(G) : vi11 € S, wit1 §Z S} can be divided into two
cases: 1) I'(S]|Qi+1) = 0, and ii) I'(S|Qi+1) # 0.

For the case T'(S|Qi+1) = 0, O(S|Qit1 U (vig1,wiv1)) = T(J;Hl wiin): S0, implies the up-
per bound of > the lower bound of . For the case I'(S|Qi+1) # 0, it is equivalent
to say that the set {(vg,wy) : k < i such that vy € SNV (Qit1),wr € V(Qit1) \ S or wy, €
SNV(Qit1),vr € V(Qir1) \ S} is nonempty. Pick the edge with the largest index [ from this set.
If v € SN V(Qi+1)7wl S V(Q2+1) \ S, then F(SlQl) + f(vl’wl) = F(S|Ql+1) and O(S‘Ql+1) =
O(S|Q; U (v, wy)). This can be proved by contradiction. Assume that it is not true. Then
F(Vm, win) such that m #£ 1, (U, W) € Qix1, (Vm,wr) € Qp and v, € S;wy, € V(Qi+1) \ S.
This contradicts the fact that [ is the largest index. Observe that O(S|Qi+1 U (vit1,wit1)) =

O(S|Qit1) +T(Jg ) = OS1QuU (v, wi)) + T vii1wsys) LHUS, with @ and (v, w;) implies
the upper bound of > the lower bound of (34). If w; € SNV (Qit1),v1 € V(Qi+1) \ S, then

T(S|Q0) = fronw (S|Qz+1) and O(S|Qi11) = O(S|Q; U (v, w;)). Similarly, (37) with @ and
(vg, w;) implies the upper bound of (3 . > the lower bound of (|3 .

Next, we still need to show that the lower bound of < the upper bound of (35) and for
the case of and . Since the way is similar, we show the case of and (35) as an
example. Pick 51,52 € {S € W(G) : viy1 € S,wit1 € S}. There are four cases to show: i)
L(S1\ S2|Qi+1) = 0,I(S2 \ S1[Qit1) = 0, ii) I'(S1 \ S2|Qiv1) # 0,1(S2 \ S1|Qi41) = 0, iii)
L(S1\ 82|Qiv1) = 0,T(S2 \ S51]Qiv1) # 0, iv) I'(S1\ S2|Qiv1) # 0,T(S2 \ 51[Qi41) # 0. Here,
we show for the case ii) as an example since another cases are similar to that. As mentioned
above, T'(S7 \ S2|Q;+1) # 0 is equivalent to say that the set {(vg,wg) : & < 4 such that v, €
(S1\82) NV (Qit1), wi € V(Qi41) \ (S1\52) or wi € (S1\S2) NV (Qit1), vk € V(Qit1) \ (S1\52)} is
nonempty. From this set, pick the edge with the largest index . Without loss of generality, we assume
that vy € (S1\52)NV(Qit1), wi € V(Qi41)\(S1\S2). Then, T'(S1\S2|Q1)+ fv,,w) = F'(S1\52|Qi+1)
and O(S7 \ S2|Qi+1) = O(S1 \ S2|Q; U (v, w;)). Additionally, this case is further divided into two
sub-cases : ii-i) I'(S2|Q;+1) = 0, and ii-ii) I'(S2|Qi+1) # 0.

For the case ii-i), because of the Lemma [2.3] T'(S; \ S2|Qi+1) = I'(S1|Qi+1). From for Sy \ S
with @y, (v, w;) and for Sy \ Si,
0 < T(S1\S2|Qit1) + O(S1\ S2| E\ Qit1) + 1(S2\ S1|E) — s (Putdu)+ X (Putiu) (42)

u€S1\S2 u€S2\S1

Notice that the equations hold because v;+1 € (S1\S52),vi+1 & (S2\51), and I'(S2\ S1]|Qi+1) =0

O(S1\ S2| B\ Qi1) = O(S1\ S2| E'\
I(S2\ S1|E) = I(S2\ S1|E\ (Qiv1 U

Using the equations, Lemma and the fact that F S1\ S2|Qit+1) =T(S1]1Qi+1), implies
the lower bound of (34) for S; < the upper bound of (35)) for Ss. For the case ii-ii), because of the
Lemma [2.3] T'(S1 \ 92|Qi+1) = T(51|Qi41) — F(52|Qi+1) Similar to the case ii-1), we can show that
([B34) for Sy \ S, with @y, (v;,w;) and for S5 \ Sy imply the lower bound of (34) for S; < the
upper bound of for Ss.

Qit1 U (Vig1,wit1)))

Vig1, Wit1))) 43)

)
(
(
(

Lastly, we need to show that the lower bound of < the upper bound of and the case
of and . Since the pattern is similar, we show the case of and as an example. Pick
S1€{S eW(G) :viy1 € S;wip1 € St and Sy € {S € W(G) : viy1 € S,wiy1 € S}. There are four



cases to show: 1) F(51U52|Qi+1) = 0, F(Sl ﬂSg|Qi+1) = 0, 11) P(Sl USQ|Q7;+1) 7é 0, F(51052|Qi+1) =
0, 111) F(Sl U SQ|Q¢+1) = 07F(S1 N SQ|Q¢+1) £ 0, iV) F(Sl U SQ‘QZ‘+1) % O,F(Sl n Slei+1) # 0.
Here, we show for the case ii) as an example since another cases are similar to that. As men-
tioned above, I'(S1 U S2|Q;+1) # 0 is equivalent to say that the set {(vi,wy) : k < i such that vy €
(51U52)0V(Qi+1),’wk S V(QH_l)\(SlUSQ) or wg € (51US2)QV(Q1+1),’U]¢ S V(QH_l)\(Sl USQ)} is
nonempty. From this set, pick the edge with the largest index [. Without loss of generality, we assume
that v; € (51USQ)QV(Q¢+1),U}[ S V(Q¢+1)\(51U52). Then, F(SIUS2‘Ql)+f(vl,wl) = F(51USQ‘Q2‘+1)
and O(S1 U S2]Q;4+1) = O(S1 U S2|Q; U (v, w;)). From for (S1 U Sy) with Qy, (v, w;) and
fOI" (S1 n Sg),

ueES (Pu + 6u) + ueES (Pu + 0u) ST(S1US2|Qi11) + O(S1USE\ Qiy1) + O(S1 N S2|E).  (44)
Notice that the Lemma and the fact that T'(S; N S2|Q;+1) = 0 imply T'(S1 U S3|Qi+1) =
F(51|Qi+1)—|—r(52|@i+1). Since Vi41, Wi+1 (S (Sl USQ), Vi1, Wi+1 Q (S1 ﬂSg), and F(S1 ﬂSg|Qi+1) =
0,
O(51U S| E\ Qiy1) = O(S1U S| E\ (Qit1 U (Vig1, wit1)))
O(51 N Sa|E) = O(S1 NS E N\ (Qit1 U (vig1, wit1)))-

Using the equations (45]), Lemma and the fact that T'(S1US2|Qi+1) = T'(S1]Qi+1) +T(S2]Qi+1),
(44) implies the lower bound of (34)) for S; < the upper bound of for Ss.

(45)

Thus, f(vi +1wisq) Satisfying - exists and it proves the existence of f . O

Theorem 2.6. F, is a minimal representation on the space of (r*,r7).

Proof. Since the proof for the set of inequalities , is similar to the case for , we show here
the case for . In order to show that is a minimal representation on the space of r~, in order
to show the contradiction in the end, first let us assume that there exists a set S’ € W(G) such
that there exist mutually different sets S7,...,S,, € W(G) by which the inequality constructed of
the form dominates the inequality for the set S’. In a mathematical expression, it means that
there exist coefficients ay, ..., a, > 0 that satisfies the following conditions (46) and .

o ry - tay, Ly < Xory (46)
veS] veS], ves’

a1 E Gt tan T 6, —aO(S|E) — - —anO(SL|E) > T 6, —O(S'|E) (47
vES] veS), veS’

In order to satisfy the inequalities and for all possible values of r;, and §,, ES a; =1
weSs]

’Ll k2
forallv € S" and ES a; =0 for all v € V'\ §’. This implies that for all i € {1,...,n}, S; C S’ and
1:0€ {
U?:l S, = S'. Notice that the left-hand side and the right-hand side for of are equal, and
becomes

O(S'|E) > a1O(S{|E) + - -+ + a, O(S., |E). (48)
Since the right-hand side of

@ O(S1|E) + - + anO(S,|E) = mgé‘s'.ai . (UES’ wEE(S’)CT(J;’w) * ves’ EE(S/)CT(;’U)) +0
=O(S'|E) + O,
where O = % % a;( > T(Jr )+ P T, )) > 0, it contradicts the initial
i=1j=1 ‘weS]we(S)Hens; VY veSH we(s))ens; W
assumption. O
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